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Abstract
In this paper we look at dynamical systems from a computability per-
spective. We survey some topics and themes of research for dynamical
systems and then see how they can be fitted in a computational frame-
work. We will recall some selected results, and enounce problems that
might lay possible routes for further research.
1 Introduction
Dynamical systems are extensively used as mathematical models for many phe-
nomena, ranging from the evolution of stock market indexes to the dynamics
of a beating heart. However this versatility and wealth of applications comes
with a price: dynamical systems can present an incredibly complex behavior,
and their understanding is far from complete. Indeed, only recently we started
to have a glimpse of the richness that even systems defined with simple rules
can present.
In the past few years, with the availability of fast and cheap computers,
many dynamical systems have been explored in a more “experimental” man-
ner. Though this approach is usually not mathematically rigorous, it greatly
helped to understand concepts like “sensitive dependence on initial conditions”,
“strange attractors”, among others. In the applications domain, it became a
standard tool. Today, many experiments are “digitally simulated” in computers
as dynamical systems: weather forecast, testing the effects of new drugs in a
“digital body”, testing the effects of earthquakes in different types of construc-
tions, etc.
However, not much is known about what can computed with a computer and
what cannot, at least from the perspective of continuous dynamical systems (the
discrete case, where both time and space are integers, has long be settled, by
Turing and others).
The purpose of the present paper is to make a brief survey about some
selected results and problems concerning computability theory and dynamical
systems and to sketch possible routes for further research.
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2 Dynamical systems
A dynamical system can be defined as follows.
Definition 1 A dynamical system (DS) defined on the topological space S over
A = R+0 (A = N) is a triple (S,A, φ), where φ : S × A → S is a function
satisfying
1. Initial condition: φ(p, 0) = p for any p ∈ S;
2. Continuity on both arguments;
3. Semigroup property:
φ(φ(p, t1), t2) = φ(p, t1 + t2),
for any point p ∈ S and any t1, t2 ∈ A.
When A = R+0 , we say that we have a continuous dynamical system. On the
other hand, when A = N, we say that we have a discrete dynamical system. S
is the state space and points in S are called states.
Notice that in the above definition R+0 could be replaced by R and N by Z.
In these cases we say that we have time-reversible dynamical systems. For the
purpose of this work, we do not distinguish between DSs and time-reversible
DSs.
Notice that for discrete DSs, we only need to know φ(p, 1) for each p ∈ S to
completely define the DSs, since the evolution of system is obtained by iterating
f : S → S given by f(p) = φ(p, 1). This is why discrete DSs are often identified
in the literature with the iteration of a map.
Likewise, for continuous DS’s, we can take
f(x) =
d
dt
φ(x, t)
∣∣∣∣
t=0
and then see that φ(x0, t) is the solution of the initial-value problem{
x′ = f(x)
x(0) = x0
since
d
dt
φ(x0, t)
∣∣∣∣
t=t0
=
d
dt
φ(x0, t0 + t)
∣∣∣∣
t=0
=
d
dt
φ(φ(x0, t0), t)
∣∣∣∣
t=0
= f(φ(x0, t0)).
Reciprocally, it can be shown that the class of solutions of an initial-value prob-
lem defined with ordinary differential equations (ODEs) is a continuous time
dynamical system (see the results of Section 8.7 from [HS74]).
In more recent times there has been a renewed interest in the interplay
between dynamical systems and computation. There have been basically two
types of approach:
1. To consider dynamical systems as computers that perform computation;
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2. To study, from a more or less traditional computational perspective, dy-
namical systems.
An example of an approach corresponding to point 1 is the one presented
in [Sie99]. As Siegelmann puts it in [Sie99, p. 147]: “... any physical system
observed by an experimenter in a laboratory and any dynamical behavior in
nature is perceived as performing a computational process. Beginning from an
initial state (input), a physical system evolves in the state space according to
an update equation (the computation process) until it reaches some designated
state (the output)”. Siegelmann even goes further broadly classifying compu-
tational models as analog or discrete models depending on the properties of
the underlying DS: “The main property that distinguishes analog from digital
computational models is the use of a continuous space state. In this chapter ...
we divide these [analog] models [of computation] into broad categories which
partially overlap: discrete time models ..., continuous time models ..., hybrid
models ..., and dissipative computational models”.
With respect to the second approach, this mainly corresponds to the ap-
proach followed in the control theory community, especially in the verification
of systems. Basically the idea is to develop algorithms, or to show that they do
not exist, such that given the description of a dynamical system into a suitable
form, the algorithm states whether the DSs satisfies a given property or not.
A typical verification problem is the reachability problem: given the descrip-
tion of a DS, of a point p in the phase state, and some “simple” subset Γ of the
phase space, decide whether the trajectory starting in p will eventually reach, or
not, the target set Γ. This is especially helpful to prove that when some device
is operating in some range of parameters, its normal evolution will not reach
“critical” or “unsafe” states.
There are many results about the reachability problem, most of them es-
tablishing the undecidability of the problem. The idea is to encode the Halting
problem into the reachability problem. However these results usually rely on
the use of exact dynamics, which is not very realistic, since this requires in-
finite precision. Thus in the hybrid system verification community a folklore
conjecture appeared saying that this undecidability is due to non-stability, non-
robustness, sensitivity to initial values of the systems, and that it never occurs
in “real systems” [AB01]. There were several attempts to formalize and prove
(or to disprove) this conjecture: it has been proved that small perturbations of
the trajectory still yields undecidability [HR99]. Infinitesimal perturbations of
the dynamics for a certain model of hybrid systems has shown to rise to decid-
ability [Fra¨99]. This has been extended to several models by [AB01]. However
the situation is not very clear, and in this point a parallel can be drawn with
dynamical systems as we will see.
In this survey we are interested in the second perspective, especially in the
long term behavior of continuous-time DS, since it is where most significant
problems lie. From a DS point of view there are many interesting topics which
are related to this long term behavior and that we now briefly survey.
Invariant sets. These are sets which are maintained under the dynamics of the
DS. They are important to characterize the DS, and are related to other
concepts like attractors. Formally a set A is invariant if φ(A, t) = A for all
t. We can also say that A is (backward) forward -invariant if φ(A, t) ⊆ A
for all t ≥ 0 (resp. t ≤ 0).
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Limit sets. Informally a limit set is the set of states a DS approaches assimp-
totically, by either going forward or backwards in time. Limit sets are im-
portant because they can be used to understand the long term behavior of
a dynamical system. Examples of limit sets include fixed points, periodic
orbits, limit cycles and attractors. Formally, given a point p ∈ S in the
phase state, the (α) ω-limit set ω(x) (α(x) resp.) is the set of accumula-
tion points of the forward orbit {φ(p, t)}t≥0 (backward orbit {φ(p, t)}t≤0
resp.). By other words, (A designates the closure of the set A)
ω(x) =
⋂
n∈N
⋃
t≥nφ(x, t).
Attractors, to which a dynamical system evolves after a long enough time.
Geometrically an attractor can be a point, a curve, a manifold, or even
a complicated set with a fractal structure. Indeed, DSs in the real world
tend to be dissipative, which leads the system to some typical behavior.
This one part of the phase space of the dynamical system corresponding to
the typical behavior is the attracting section. The precise definition of at-
tractor involves some problems which are well described by Buescu [Bue97,
p. 1]: “Although the concept of attractor is often taken for granted, the
fact is that several distinct, sometimes overlapping, definitions of attrac-
tor exist in the literature. Moreover, each of these definitions illuminates
specific properties of the dynamical objects under consideration. We in-
terpret this state of affairs as follows. There is no contradiction between
the several distinct concepts of attractors — all of them are useful as they
reveal slightly different properties. The characterization of the object is
given by the set of all these properties, not just by a specific one. We
therefore think that there is no such thing as a ‘final’ or ‘correct’ defini-
tion of attractor”. Several different definitions for attractors are given in
the Section 1.4 of that book.
In general the attractor is required to satisfy three conditions: (i) be in-
variant; (ii) be minimal in some sense, i.e. proper subsets of it cannot be
attractors; (iii) it should attract most of neighboring trajectories.
Trapping regions. If U is an open set of the phase state such that the closure
of U , U , is compact and φ(U, t) ⊆ U for some t > 0, then it is called a
trapping region. In these conditions⋂
t≥0φ(U, t)
is an attractor. In practice, the existence of attractors is often shown by
constructing a trapping region.
Stability. Historically, the study of stable dynamical systems always had a
prominent role in the development of the theory of dynamical systems.
Since we cannot avoid uncertainty when performing measurements on a
physical system, and we cannot fully isolate it, it seems that a good math-
ematical model for physical phenomena should account for some kind of
robustness.
This is the idea underlying structurally stable systems, originated from the
work of Andronov and Pontryagin [AP37]. A system is structurally stable
if small perturbations of it leave the whole orbit structure unchanged, up
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to a continuous global change of coordinates. Andronov, Pontryagin, and
Peixoto showed the following results for the plane R2: (i) Structurally
stable systems form an open and dense subset of the set of dynamical sys-
tems with C1 vector fields; (ii) Attractors for structurally stable systems
consist only of fixed points and periodic orbits.
The previous two results say that (i) structurally stable systems in R2 are
generic i.e. they encompass “almost all dynamical systems”; (ii) mean-
ingful attractors in R2 can be fully characterized into two classes (other
unstable attractors, like quasi-periodic orbits obtained by rotations in the
circle S1 are thus not considered).
For some time it was conjectured (cf. the retrospective given in [GH83])
that (i) would hold for higher dimensions. This conjecture would turn out
to be false, since structurally stable systems are not dense [Sma66].
For that reason structurally stable systems are no longer seen as the ade-
quate class of “robust system”. In our opinion, the situation is probably
similar to that depicted by Buescu for attractors: there is no such thing
as a “general” or “correct” definition of stability, since this will change
from situation to situation. As Guckenheimer and Holmes wrote in their
book [GH83, p. 259]: “This principle was embodied in a stability dogma,
in which structurally unstable systems were regarded as somehow suspect.
... The logic which supports the stability dogma is faulty ... the presumed
strange attractors of our examples are not structurally stable, and we are
confident that these systems are realistic models for the chaotic behav-
ior of the corresponding (deterministic) physical systems. But, since the
systems are not structurally stable, details of their dynamics which do not
persist in perturbations may not correspond to verifiable physical properties
of the system... Thus the stability dogma might be reformulated to state
that the only properties of a dynamical system (or a family of dynamical
systems) which are physically relevant are those which are preserved un-
der perturbations of the system. The definition of physical relevance will
clearly depend upon the specific problem”.
Classification of attractors. In a given DS, different type of attractors may
coexist. In general we will be only concerned with attractors in stable
systems. Besides periodic attractors like points or limit circles, several
studies starting in the 1960s showed that attractors of a completely dif-
ferent kind exist, usually known as strange attractors. While there is
no precise definition for this mathematical object (there are a number of
different definitions in the literature, see e.g. [Mil85] and [Rue89] and ref-
erences therein), it has at least two properties: (i) it is robust and nearby
trajectories converge to it; (ii) this is not a “simple” attractor (i.e. a point
or a periodic orbit). One of the best known of such attractors is Lorenz
attractor [Lor63], [Via00] that, while being very robust to changes in the
parameters, is not structurally stable.
Bifurcations. Often dynamical systems come in a family, depending on one or
more parameters. Usually the phase portrait of the DS changes smoothly
as the parameters vary. But sometimes there are “revolutionary” values
of the parameter where the phase portrait changes drastically. For in-
stance a sink (attracting fixed point) can become a source (repelling fixed
point). These “revolutionary” changes in the phase portrait are known
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as bifurcations. Usually a task that one would like to carry is to build
a diagram that summarizes the information about the bifurcation values
and the behavior of the DS in between bifurcations. These are called bi-
furcation diagrams and, as put in [HW95, p. 269]: “finding the bifurcation
diagram for a given family is tantamount to ‘understanding the family of
[dynamical systems]...’”.
For differential equations, bifurcations are rather well understood in two
dimensions, where only four different types of exceptional behavior can
give rise to bifurcations, yielding for one-parameter families of ODEs the
following classification of bifurcations: saddle-node, Andronov-Hopf, sad-
dle connections, and semi-stable limit cycles [HW95].
Other bifurcation scenarios are well-known for discrete-time DSs, like the
Ruelle-Takens scenario through quasi-periodicity, the Feigenbaum scenario
through period doubling, and the Pomeau-Manneville scenario through in-
termittency [Rue89].
However, besides these particular cases (including others like crises — see
[Ott02, Section 8.3]), we are still very far from any complete classification
of possible bifurcation scenarios, even for ODEs in dimension 3.
Basins of attraction. A basin of attraction consists of a set of points in the
phase space which evolve to a particular attractor. Formally, if C is an at-
tractor then its basin of attraction is the set {p ∈ S|ω(p) ⊆ C}, where S is
the phase state. Basins of attraction can have relatively simple boundaries,
or more complicated ones like fractals [GOY87]. Even more complicated
behavior can arise when we have riddled basins of attraction [AYYK92],
[OSA+94], which are thought to exist ubiquitously in high-dimensional
dynamics. In this case any point in a riddled basin of attraction of an at-
tractor is arbitrarily close to the basin of attraction of another attractor.
Formally, suppose that a system has two attractors which we denote A
and C with basins B(A) and B(C). We say that the basin B(A) is rid-
dled if, for every point p in B(A), an ε-radius ball, Bε(p) always contains
a positive Lebesgue measure of points in B(C) for any ε > 0.
By the way, this concept also illustrates why it is difficult to have a “good”
definition of attractor. A common definition of an attractor is to require
that there exists some neighborhood around it such that all initial con-
ditions in this neighborhood generate orbits that limit on the attractor.
But as we easily see, this definition do not encompasses attractors with
riddled basins.
Ergodicity. Ergodic theory is the study of dynamical systems from a statis-
tical perspective. By that reason we need to associate a measure to the
state space. The name comes from classical statistical mechanics, where
the “ergodic hypothesis” asserts that, asymptotically, the time average of
an observable is equal to the space average. This result can be translated
to ergodic systems that we will however not define here (see [KB95] or
[BS02] for details).
With the help of this theory we are able to define important concepts,
especially for dynamical systems where the evolution law is measure-
preserving. For instance, one can define notions as mixing transforma-
tions, or entropy [KB95], [BS02].
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Wandering sets. This notion is used to formalize a specific idea of movement
in DSs. In general, if there is a measure µ associated to the state space,
then a set A is wandering if there is a neighborhood U of A and a time T
such that for all t > T one has
µ(φ(U, t) ∩ U) = 0.
In some sense, the concept of a wandering set is dual to the ideas expressed
in the Poincare´ recurrence theorem. This theorem says that for (discrete-
time) dynamical systems in which the evolution law is measure-preserving
(hence the system is conservative, at least if we consider the measure as
the physical quantity to be preserved), then almost all points of the phase
state, considered as sets, will be non-wandering. Therefore one can define
a dissipative system as a DS in which there is a wandering set of positive
measure.
3 Some results and problems
Provided with the concepts introduced in the previous section, it is not hard to
give a list of computational problems one would like to answer. Some examples
would be:
1. Given a set A of the phase state, is it invariant?
2. Given a computable point x, is it limit set ω(x) computable?
3. Given some subset A of the phase state, is there any attractor within this
set?
4. Given a family of DSs, can we distinguish those which are stable from
those which are not?
5. Can we compute the number of attractors that a DS has? Can we char-
acterize them (e.g. limit circle, strange attractor, etc.) only using fully
automatic means?
6. Can we compute the bifurcation diagram for a given family of DSs?
7. Given some point, can we decide to which basin of attraction it belongs?
While some of the previous problems are probably solvable, others are still
very far from being settled, especially because of the subtleties and our lack of
knowledge about properties of DSs, as mentioned previously. Examples of such
questions would be problem 4 (what is “stable”? Most probably depends on
the context, as discussed earlier), or problem 5 (we don’t have a classification
for attractors, and don’t know if there will ever be one).
So our point of view regarding dynamical systems is not to “fly too high”, i.e.
not to aim at some general computational theory for them, that we nonetheless
have to restrict to some specific classes of DSs, probably not too representative,
but where things are more or less well understood. For instance papers about
computational theories involving dynamical systems e.g. [SBHF99], [BHSF02],
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have always to restrict themselves to particular class of DSs (in the previous
case to dissipative systems that converge to a fixed point).
Instead, we believe that the best approach is the one followed in the control
theory community, where only problems for specific classes of DSs are studied:
linear, sigmoidal, etc., and only where we can formalize exactly what one is
searching. For instance, we can try to prove stability for a certain model, by
showing that it is robust under the influence of Gaussian noise. Some may
argue that this is not realistic modelling, but as we have discussed previously,
it’s difficult, if not impossible, to give a good definition of “robustness”. Only
real-world evidence can provide better arguments for claiming that definition A
is better than definition B.
Despite the inherent limitations concerning DSs, we can still provide more
or less general results from a computational perspective, provided we restrict
ourselves to portions of the theory which are well understood.
For instance ODEs model (smooth) continuous-time DSs, and there are some
general results which applies to ODEs, namely the general existence-uniqueness
theory. We now review some results that were obtained along that line of
research. We first need to recall some basic definitions. Here we will mainly
deal with the case where E ⊆ Rm+1. Hence, when considering a function
f : E → Rm with argument (t, x), we refer to t ∈ R as the first argument and
x ∈ Rm as the second argument of f .
Definition 2 Let E ⊆ Rm+1 be an open set. A function f : E → Rm is called
locally Lipschitz in the second argument, on E, if for every compact set Λ ⊆ E
there is a constant KΛ ≥ 0 such that
‖f(t, x)− f(t, y)‖ ≤ KΛ ‖x− y‖ , for all (t, x), (t, y) ∈ Λ.
The following classical lemma [Hal80] asserts that C1 functions are locally
Lipschitz, and hence locally Lipschitz in the second argument.
Lemma 3 If f : E → Rm is of class C1 over E ⊆ Rl, then f is locally Lipschitz
on E.
The following result follows as an immediate consequence of the fundamental
existence-uniqueness theory for the initial-value problem{
x′ = f(t, x)
x(t0) = x0
(1)
[CL55], [Lef65], [Hal80] (the expressions t→ α+ and t→ β − mean that t con-
verges to α from above and to β from below, respectively). Basically, it asserts
the existence of a maximal interval (in the sense described in the proposition)
on which the solution of an initial-value problem with ODEs can be defined.
Proposition 4 Let E be an open subset of Rm+1 and assume that f : E → Rm
is continuous on E and locally Lipschitz in the second argument. Then for each
(t0, x0) ∈ E, the problem (1) has a unique solution x(t) defined on a maximal
interval (α, β), on which the solution is C1. The maximal interval is open and
has the property that, if β < +∞ (resp. α > −∞), either (t, x(t)) approaches
the boundary of E or x(t) is unbounded as t→ β − (resp. t→ α+).
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Note that, as a particular case, when E = Rm+1 and β < ∞, x(t) is un-
bounded as t→ β −.
We can now ask several questions: given some initial-value problem defined
with an ODE, and using only computable data:
1. Will a solution of such initial-value problem (IVP) be computable in the
maximal interval?
2. Will the maximal interval itself be computable?
3. Can we at least decide if the maximal interval is bounded or not?
For the first question there are results by Aberth [Abe70], [Abe71], Pour-El
and Richards [PER79] that show that if the solution of the IVP is not unique,
than it may happen that none of the solutions is computable. There are some
differences between the previous two results (Aberth uses constructive methods
to study computability. His functions are rational-valued of rational inputs, and
so they are not a subclass of real functions. On the other hand, classic reason-
ing and nonconstructive methods are used by Pour-El and Richards to study
computability of functions and operators in analysis, and so the computable
functions are a special case of class of real functions), but both show that the
problems stem from non-uniqueness of the solution. If the solution is required to
be unique, it is computable in any compact set (see any book about the classical
theory of ODEs, e.g. [Hal80]). But what about in the maximal interval, which
may be non-compact? Results by Moore [DM70], [Moo01], Grac¸a, Zhong, and
Buescu [GZB07] show that if the ODE satisfies some (effective) locally Lipschitz
condition, then the solution of the IVP (which is unique by the classical theory)
is also computable in the whole maximal interval.
For the second question the answer is negative, even if the require the ODE
to be analytic, as shown in [GZB07]. However it can also be shown that if
the ODE satisfies some effective locally Lipschitz condition, then the maximal
interval is recursively enumerable.
Finally, for the third question, the answer is also negative even if we require
the ODE to be polynomial [GZB07], [GBC07]. We can strengthen this condition
to show that the undecidability remains if we consider the class polynomials of
degree 56 (or higher).
If we continue to restrict to classical properties of dynamical systems which
are more or less well understood, other interesting results were also obtained by
Braverman and Yampolsky [BY06]. They have shown that Julia sets, many
times used to draw beautiful figures of fractals in computers, can be non-
computable even if we stick to the family of quadratic polynomials. This shows
that not all fractals can be drawn by computers, even if we discard complexity
considerations. However, up to our knowledge, there is no proof that, if we
restrict ourselves to computable quadratic polynomials, we could also get non-
computable Julia sets. This is an interesting question which certainly deserves
more attention.
Different approaches have been used to compute classical quantities associ-
ated to classical dynamical systems like shifts [Moo90]. For instance in [Spa07]
it is shown that the topological entropy can be computed for shift-like dynamical
systems.
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From our point of view, a direction for further research that might yield
some light about the interplay between dynamical systems and the theory of
computation is the notion of shadowing. Most ODEs cannot be solved directly,
and we depend on computer simulations to try to understand the underlying
DS. However, the numerical simulation is fraught with truncation errors intro-
duced by the discretization and round-off errors introduced by finite-precision
calculation. So a natural question, especially for chaotic DSs is: how reliable
are these simulations? One might expect that they only accurately simulate
realistic trajectories for short periods of time.
However previous studies [Ano69], [Bow75] have shown the existence of a
shadowing property, at least for hyperbolic systems, which states that given a
numerical trajectory and some ε > 0, there will always be a “true” trajectory
within distance ε from the numerical one, for arbitrarily long times, which is
known as the shadowing lemma. While the shadowing lemma is an important
result, it is nor widely applicable because many dynamical systems are not
hyperbolic. Nonetheless, it can be shown to hold even in non-hyperbolic system,
provided some conditions hold (see [Pil99], [GPS+02] and references therein).
However, this is not true for all DSs [DGSY94]. A question of interest is the
following one from Viana [Via01]: “Is there a useful shadowing lemma for very
general non-uniformly hyperbolic systems?”
Another interesting question is: how meaningful are the trajectories com-
puted with the use of the computer? They might get close only to “non-
representative” trajectories and thus miss the main features of the DS. If one
can prove that computed trajectories are representative of the DS, then a prob-
lem that could somehow be related to the shadowing lemma is the following
one:
Hilbert’s sixteenth problem. Determine an upper bound for the
number of limit cycles in polynomial vector fields of order n and
investigate their relative positions.
In general, it is known that systems with infinitely many periodic attractors
do exist [New79], though nothing is known for polynomial IVPs. As Viana puts
it [Via01]: “Nevertheless, three decades after the initial results, this phenomenon
remains essentially as little understood as ever. It is not even known whether
coexistence of infinitely many periodic attractors may occur robustly, that is,
for a whole open set of systems ... But, in light of the conjectures mentioned
above one does not expect this to be possible. Even more: does coexistence of
infinitely many attractors correspond to a zero measure set in the parameter
space ...?”
If for polynomial vector fields one may only have a finite number of limit
cycles (except, perhaps, for a subset of polynomial vector fields of measure zero)
and if the shadowing property provide representative behavior of the underly-
ing DS, one could imagine solving Hilbert’s sixteenth problem in the following
manner. Construct an algorithm such that given the description of a polyno-
mial vector field, it computes some precision needed to cover the phase space
and to have enough representatives of pseudo-trajectories that will approach all
attractors. Using these (finite number) of trajectories, one will be able to give
an upper bound for the number of limit cycles in polynomial vector field and to
know which are their relative positions.
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In some sense, in the previous construction, we have used ideas from com-
putational complexity. We implicitly expected that the more “computational
information” is need to describe the DS (the length of the description), the
more complex can be its behavior. So, if such algorithm exist, we could derive
a computable upper bound g(n) for the number of limit cycles of a polynomial
vector field, where n is not the order of the polynomial vector field as demanded
by Hilbert, but rather the length of its description.
It would certainly be quite interesting to derive such function g, or to show
that it does not exist.
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